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Abstract

We study the concept of co-amenability for a compact quantum group. Several conditions are
derived that are shown to be equivalent to it. Some consequences of co-amenability that we obtain
are faithfulness of the Haar integral and automatic norm-boundedness of positive linear functionals
on the quantum group’s Hopf∗-algebra (neither of these properties necessarily holds without
co-amenability). © 2001 Elsevier Science B.V. All rights reserved.
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1. Introduction

In this paper we introduce and study a concept of co-amenability for compact quantum
groups defined in the sense of Woronowicz [19,20] — see also [14] for an exposition
that provides much of the background for this paper. Co-amenability of so-called regular
multiplicative unitaries have been introduced by Baaj and Skandalis [1, Appendix; 6]. One
can then proceed to define co-amenability of a compact quantum group by requiring that
the regular multiplicative unitary associated to its reduced quantum group is co-amenable.
However, theC∗-algebra formulation of compact quantum groups is more accessible than
the theory of multiplicative unitaries, which is technically quite involved. We therefore
feel that it is worthwhile and appropriate to present a direct definition of co-amenability,
which is perhaps more intrinsic to theC∗-algebra theory of compact quantum groups.
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The Baaj–Skandalis approach to co-amenability for compact quantum groups has been
rephrased by Banica [2,3] to accommodate this, but details are deferred to Baaj–Skandalis’
work. Our exposition starts from an elementary remark of Woronowicz [19, p. 623] and is
aimed to be self-contained. To motivate our definition we briefly discuss here the concept
of amenability for a discrete group and its equivalent formulations in terms of the group
C∗-algebras [16,17].

If Γ is a discrete group, its reduced and full groupC∗-algebrasC∗
r (Γ ) andC∗(Γ ) can

be endowed with co-multiplications∆r and∆ making them into compact quantum groups.
Details are given in Section 2. We shall call these thereduced and universal compact
quantum groups associated withΓ . The Haar integrals of(C∗

r (Γ ),∆r) and(C∗(Γ ),∆)

are the canonical tracial states. Since the left kernel of the trace onC∗(Γ ) is the kernel
of the canonical∗-homomorphismθ from C∗(Γ ) ontoC∗

r (Γ ), faithfulness of the Haar
integral of(C∗(Γ ),∆) is equivalent to amenability ofΓ . Of course, we are using here the
well-known equivalence of amenability ofΓ and injectivity ofθ ; this result is often called
the Hulanicki–Reiter theorem in the literature. The co-unit of(C∗(Γ ),∆) is norm-bounded,
but that of(C∗

r (Γ ),∆r) may not be. In fact, it is known thatΓ is amenable if, and only if,
the co-unit of the latter is norm-bounded. This is essentially a reformulation of the classical
result thatΓ is amenable if, and only if, the trivial one-dimensional representation ofΓ is
weakly contained in the regular representation.

This discussion serves to motivate our introduction of the concept of co-amenability for
a general compact quantum group and we shall frequently refer back to these examples for
the purposes of illustration and motivation of the results we obtain in the sequel. We define
a compact quantum group(A,∆) to beco-amenable if the co-unit of its reduced compact
quantum group(Ar,∆r) is norm-bounded (see Section 2 for the definition of(Ar,∆r)). If
a concept is to be a fruitful one in an abstract theory, it is desirable that it have a number of
different formulations. Indeed we show that co-amenability is equivalent to several other
conditions; one of these equivalences is an analog of the Hulanicki–Reiter theorem (see
Theorem 3.6), which establishes the link with Banica’s definition. One particularly nice
condition ensuring co-amenability of a compact quantum group is the existence of a non-zero
multiplicative linear functional on its reduced quantum group (Corollary 2.9).

A co-amenable compact quantum group has a number of desirable properties not pos-
sessed by arbitrary compact quantum groups. We show for example, that a co-amenable
compact quantum group has a faithful Haar integral (it then follows that the Haar integral is
a KMS state [11,12]). If a compact quantum group is not co-amenable, then the co-unit on
the Hopf∗-algebra of its reduced compact quantum group provides an example of a positive
linear functional that isnot norm-bounded. However, we show that every positive linear
functional on the Hopf∗-algebras of a co-amenable compact quantum group is necessarily
norm-bounded (Corollary 3.7).

The use of the wordco-amenability deserves some explanation. First recall that amenabil-
ity of Kac algebras [7] is defined in terms of the existence of an invariant state. If we define
amenability of a compact quantum group in these terms, namely by requiring only the
existence of an invariant state, then all compact quantum groups are trivially amenable,
since the Haar integral is an invariant state. Thus, this is not a satisfactory definition. On
the other hand, the natural concept of amenability for discrete quantum groups makes good
sense — we study this notion in a forthcoming paper [5]. There is a relationship between
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co-amenability of a compact quantum group as defined in this paper and amenability of
the associated dual discrete quantum group. The chosen terminology is aimed to reflect
this dual relationship. It also fits with the one introduced by Baaj and Skandalis [1] for
regular multiplicative unitaries. Note however the slightly confusing fact that Banica [2,3]
uses most of the time the word amenability instead of co-amenability for compact quantum
groups (which he calls “Woronowicz algebras”).

The paper is organized as follows. In Section 2 we construct the reduced quantum group
corresponding to a compact quantum group and use it to define co-amenability of the original
compact quantum group. We then derive conditions equivalent to co-amenability and show
that it implies faithfulness of the Haar integral. As an application of the ideas in this section,
we give a new proof of the theorem of Nagy on faithfulness of the Haar measure of quantum
SU(2) [15]. In Section 3 we consider the universal compact quantum group associated to
a compact quantum group and obtain other conditions equivalent to co-amenability; in
addition, we prove the norm-boundedness result for positive linear functionals alluded to
above. Our final section, Section 4, is a short one in which we explore the idea of a bounded
co-unit in the context of a compact quantum semigroup and show that if the latter admits
a faithful Haar integral and a bounded co-unit, it is necessarily a co-amenable compact
quantum group.

For the ease of the reader, our account is quite detailed and we provide proofs of several
important results which are presented in a rather sketchy manner in the literature. Espe-
cially, we give in an appendix a proof of the uniqueness property of the associated dense
Hopf ∗-algebra of a compact quantum group. This useful property is stated without proof
in [11].

We shall use the convention thatX ⊗ Y represents the algebraic tensor product whenX

andY are simply linear spaces, or∗-algebras that are notC∗-algebras; ifX andY are Hilbert
spaces,X ⊗ Y represents the Hilbert space tensor product and ifX andY areC∗-algebras,
X ⊗ Y represents the spatialC∗-tensor product [13, Chapter 6].

2. The reduced quantum group

Throughout this section(A,∆) denotes a compact quantum group. Its Haar integral is
denoted byh. The associated Hopf∗-algebra is denoted byA, the co-inverse byκ and
the co-unit byε. Recall thatε andκ are, in general, only defined onA. One can describe
A by saying it is the unique Hopf∗-algebra for whichA is a dense unital∗-subalgebra
of A and the co-multiplication ofA is obtained by restriction of the co-multiplication of
A. The reader may find some basic definitions and a proof of this uniqueness property in
an appendix to this paper. We refer otherwise to [14,20] for the basic theory of compact
quantum groups.

Let (C(G),∆) be a commutative compact quantum group associated to a compact group
G, the co-multiplication∆ being dual to the group multiplication operationG×G → G. In
this case the Haar integralh is the integral with respect to the Haar measure onG. This has
full support and thereforeh is faithful. Faithfulness of the Haar integral no longer holds for
an arbitrary compact quantum group. To illustrate this we return to the groupC∗-algebras
of a discrete group and discuss them in a little more detail.
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Let Γ be a discrete group and letL : x �→ Lx be the left regular representation ofΓ

on �2(Γ ). Thus, if (δx)x∈Γ is the canonical orthonormal basis of�2(Γ ), Lx(δy) = δxy.
Let Ar = C∗

r (Γ ) be the reduced groupC∗-algebra ofΓ ; that is,Ar is theC∗-subalgebra
of B(�2(Γ )) generated by the operatorsLx(x ∈ Γ ). The linear map∆r defined onAr by
∆r(Lx) = Lx ⊗ Lx for all x ∈ Γ , is a co-multiplication ofAr. (To see that∆r is well
defined, observe that there is a unitary operatorW on�2(Γ )⊗ �2(Γ ) for whichLx ⊗Lx =
W ∗(1 ⊗ Lx)W for all x ∈ Γ ; W is defined by settingW(δx ⊗ δy) = δx−1y ⊗ δy for all
x, y ∈ Γ .) It is easy to see that(Ar ⊗ 1)∆rAr and(1 ⊗ Ar)∆rAr each have closed linear
span equal toAr ⊗ Ar. Hence,(Ar,∆r) is a compact quantum group.

It is well known thatC∗
r (Γ ) admits a faithful tracial state tr given by tr(Lx) = 0, if x is

an element ofΓ that is not equal to the unit ofΓ . In fact, tr is the Haar integral of(Ar,∆r)

[14, Example 10.4]. The dense Hopf∗-algebraAr of (Ar,∆r) is the linear span of all the
unitariesLx (x ∈ Γ ). It may be identified with the group algebraC(Γ ) of Γ equipped with
its canonical Hopf∗-algebra structure.

The full groupC∗-algebraAu = C∗(Γ ) is, by definition, the envelopingC∗-algebra of
the Banach∗-algebra�1(Γ ). By construction,C(Γ ) is dense inAu. Therefore,Γ admits
a universal unitary representation,V : Γ → Au, x �→ Vx such that the linear span of the
elementsVx is dense inAu. A co-multiplication onAu making it into a compact quantum
group is determined by first setting∆(Vx) = Vx ⊗ Vx for all x ∈ Γ , and then extending∆
toAu by its universal property. The Hopf∗-algebraAu of (Au,∆) is the linear span of the
elementsVx , and it too may be identified withC(Γ ).

By the universal property ofC∗(Γ ) there exists a canonical surjective∗-homomorphism
θ : Au → Ar mapping eachVx ontoLx , hence mappingAu ontoAr. The Haar integral on
Au is the canonical tracial state ofAu given byh = tr ◦ θ . Its left kernelNh is clearly the
kernel ofθ , soAr = Au/Nh. Again using the universal property ofC∗(Γ ), we see there is a
∗-homomorphismε fromAu to C such thatε(Vx) = 1 for allx ∈ Γ . A simple computation
shows thatε is the co-unit for(Au,∆). (More precisely, the restriction ofε to the Hopf
∗-algebra of(Au,∆) is the co-unit.) The important point here is thatε is norm-bounded.

The groupΓ is amenable if, and only if,θ is injective, and the co-unit ofC∗
r (Γ ) is therefore

norm-bounded in this case. IfΓ is not amenable, this co-unit is not norm-bounded, as pointed
out in Section 1. In the case thatΓ = F2, the free group on two generators, one can see
the co-unit ofC∗

r (Γ ) is not norm-bounded by means of the well-known fact thatC∗
r (Γ ) is

simple (and not one-dimensional!) and therefore admits no∗-homomorphism ontoC.
Suppose now that(A,∆) is an arbitrary compact quantum group with associated Hopf

∗-algebraA. It is known [20] that the Haar integral of(A,∆) is faithful onA, but as we
have seen, in general, not on theC∗-algebraA. We will now furnish aC∗-algebra envelope
of the Hopf∗-algebraA for which the Haar integral is faithful. Recall that the left kernel
Nh of h is a two-sided ideal ofA [20]. SetAr = A/Nh and letθ be the quotient map from
A ontoAr. We shall makeAr into a compact quantum group. This reduction procedure is
sketched in [19], but no details are given there, or anywhere else in the literature that we are
aware of. Since this is an important construction for this paper we give the required details
in the following result.

Theorem 2.1. If (A,∆) is a compact quantum group, then the C∗-algebra Ar can be made
into a compact quantum group whose co-multiplication ∆r is determined by ∆r(θ(a)) =
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(θ ⊗ θ)∆(a), for all a ∈ A. The Haar integral of (Ar,∆r) is the unique state hr of Ar
such that h = hr ◦ θ . The state hr is faithful. Also, the quotient map θ is faithful on A and
the Hopf ∗-algebra of (Ar,∆r) is θ(A), with co-unit εr and co-inverse κr determined by
ε = εr ◦ θ and θ ◦ κ = κr ◦ θ , respectively.

Proof. To show that we can define a∗-homomorphism∆r : Ar → Ar ⊗ Ar such that
∆r(θ(a)) = (θ ⊗ θ)∆(a) for all a ∈ A, we need only show that ker(θ) ⊆ ker((θ ⊗ θ)∆).
Clearly, it suffices to show that ker(θ) ⊆ ker((id ⊗ θ)∆). To see this, we first observe that,
by the Cauchy-Schwartz inequality,h vanishes on ker(θ). Therefore it induces a unique
statehr on Ar such thath = hr ◦ θ . Since ker(θ) = Nh, it is clear thathr is faithful.
Using the fact that product states separate elements ofAr ⊗ Ar, it easily follows that
id ⊗ hr : Ar ⊗ Ar → Ar is faithful. Suppose nowθ(a) = 0. Thenh(a∗a) = 0 and
therefore(id ⊗ hr)(id ⊗ θ)∆(a∗a) = (id ⊗ h)∆(a∗a) = h(a∗a)1 = 0. Consequently,
(id ⊗ θ)∆(a∗a) = 0, and therefore(id ⊗ θ)∆(a) = 0 as required. Thus, we can well define
a∗-homomorphism∆r as claimed above.

One can easily check now that∆r is a co-multiplication onAr. Since the linear spans of
(1⊗A)∆(A) and(A⊗ 1)∆(A) are dense inA⊗A, it follows immediately that the linear
spans of(1 ⊗ Ar)∆r(Ar) and(Ar ⊗ 1)∆r(Ar) are dense inAr ⊗ Ar. Hence,(Ar,∆r) is a
compact quantum group.

If a ∈ A, then(id⊗hr)∆r(θ(a)) = (id⊗hr)(θ⊗θ)∆(a) = θ(id⊗h)∆(a) = θ(h(a)1) =
hr(θ(a))θ(1). Similarly, (hr ⊗ id)∆r(θ(a)) = hr(θ(a))θ(1). Hence,hr is the Haar integral
of (Ar,∆r).

The injectivity ofθ onA follows readily: ifa ∈ A andθ(a) = 0, thenh(a∗a) = 0. Since
h is faithful onA, we deduce thata = 0.

We can therefore define linear maps,εr : θ(A) → C andκr : θ(A) → θ(A), by setting
εr(θ(a)) = ε(a) andκr(θ(a)) = θ(κ(a)) for all a ∈ A. It is then clear thatθ(A) is a dense
Hopf ∗-subalgebra of(Ar,∆r) with co-unit εr and co-inverseκr. Hence, by uniqueness,
θ(A) is the Hopf∗-algebra associated to(Ar,∆r). �

We call the compact quantum group(Ar,∆r) described in the theorem thereduced
quantum group of (A,∆) and we callθ thecanonical map from A ontoAr. It is clear that
θ is a∗-isomorphism if, and only if,h is faithful.

If (A,∆) is the universal compact quantum group associated to a discrete groupΓ , then
the reduced compact quantum group of(A,∆) is equal to the reduced compact quantum
group ofΓ ; that is,(Ar,∆r) = (C∗

r (Γ ),∆r). ThatAr = C∗
r (Γ ) follows from the fact

that the left kernel of the Haar integral of(A,∆) is equal to the kernel of the canonical
∗-homomorphismθ fromC∗(Γ ) ontoC∗

r (Γ ), as we have observed before. The only other
item that needs to be checked is that∆rθ = (θ ⊗ θ)∆, and this easily follows from the
definitions of the co-multiplications onC∗(Γ ) andC∗

r (Γ ).
If (A,∆) is an arbitrary compact quantum group, we say it is co-amenable if the co-unit

εr of (Ar,∆r) is norm-bounded. We can then extend the co-unit to a∗-homomorphismεr
onAr. A consequence is thatA is never simple, if(A,∆) is co-amenable, since the kernel
of εrθ is a closed two-sided ideal ofA of co-dimension 1.

From our discussion above, it is evident that the reduced (resp. universal) compact quan-
tum group associated to a discrete groupΓ is co-amenable if, and only if,Γ is amenable.
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Note also that a finite quantum group — that is, a compact quantum group(A,∆) for which
A is finite-dimensional — is necessarily co-amenable, since in this caseA = A.

It is perhaps of some interest to interpret the idea of co-amenability in the context of a
commutative compact quantum group(C(G),∆) associated to a classical compact group
G. Since the Haar integral is faithful, as we observed before,(C(G),∆) is co-amenable if
its co-unit is norm-bounded. This case is trivial, since the co-unit is given by (restriction of)
the evaluation map,f �→ f (e), wheree is the unit ofG. Thus, a classical compact group
is “co-amenable”.

The following theorem allows us to verify co-amenability without reference to the reduced
compact quantum group. However, its real importance is its assertion that faithfulness of the
Haar integral is a consequence of co-amenability. In practice, it provides a useful method
of showing such faithfulness (see Corollary 2.13).

The first paragraph of the proof of the theorem is taken from the proof of Theorem 8.1
of [14] (the exactness assumption onA used in [14] is not needed here).

Theorem 2.2. A compact quantum group (A,∆) is co-amenable if, and only if, its Haar
integral is faithful and its co-unit is norm-bounded.

Proof. Clearly, we need only show that if(A,∆) is co-amenable, thenh is faithful. Let
I = Nh. If a ∈ I andσ is a positive linear functional onA, then (σ ⊗ h)∆(a∗a) =
σ(1)h(a∗a) = 0, since(id ⊗ h)∆(a∗a) = h(a∗a)1. Hence, sinceσ ⊗ h is positive,
(σ ⊗ h)(c∆(a)) = 0 for all c ∈ A⊗A. Becauseσ is an arbitrary positive linear functional
onA, this implies(id ⊗ h)(c∆(a)) = 0. If τ ∈ A∗ andc = 1 ⊗ b, whereb ∈ A, then we
haveh(b(τ ⊗ id)(∆a)) = τ((id ⊗ h)(c∆(a))) = 0. Hence,(τ ⊗ id)∆(a) ∈ I .

The co-unitsεr andε are norm-bounded, by co-amenability, so admit extensionsεr andε
toAr andA, respectively, which satisfyε = εrθ . It follows thatτ(a) = τ((id ⊗ ε)∆(a)) =
εrθ((τ ⊗ id)∆(a)) = εr(0) = 0. Sinceτ was an arbitrary element ofA∗, we must have
a = 0. Hence,Nh = I = 0; that is,h is faithful. �

It follows from Theorem 2.2 that co-amenability is preserved under formation of the
tensor product of two compact quantum groups. This is the quantum counterpart of the
statement that a product of two discrete amenable groups is amenable. Recall that the
tensor product of two compact quantum groups(Ai,∆i) is the compact quantum group
(A,∆) = (A1 ⊗ A2,∆1 × ∆2) with co-multiplication defined by

∆1 × ∆2 = (id ⊗ F ⊗ id)(∆1 ⊗ ∆2) : A → A ⊗ A,

whereF : A1 ⊗ A2 → A2 ⊗ A1 denotes the flip map given byF(a1 ⊗ a2) = a2 ⊗ a1 for
a1 ∈ A1 anda2 ∈ A2. The Hopf∗-algebra of(A,∆) is A1 ⊗ A2, whereAi is the Hopf
∗-algebra of(Ai,∆); the Haar integral and the co-unit of(A,∆) areh1 ⊗ h2 andε1 ⊗ ε2,
respectively, wherehi is the Haar integral andεi is the co-unit of(Ai,∆i).

If (Ai,∆i) are both co-amenable, then, by Theorem 2.2, their Haar integralshi are
faithful, and thereforeh1⊗h2 is also faithful. Hence(A,∆) is equal to its reduced compact
quantum group, so we only need to check that the co-unitε1 ⊗ ε2 is norm-bounded and this
is obvious, sinceεi are both norm-bounded. Thus,(A,∆) is co-amenable.
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In the reverse direction, if(A,∆) is co-amenable, then both(A1,∆1) and(A2,∆2) are
co-amenable. For, faithfulness ofh1 ⊗ h2 trivially implies faithfulness of each ofh1 and
h2; equally easily, norm-boundedness ofε1 ⊗ ε2 implies norm-boundedness ofε1 andε2.
Hence, co-amenability of(A1,∆1) and(A2,∆2) follows from Theorem 2.2.

This observation allows us to give an example of a compact quantum group(A,∆) that is
not co-amenable and that is neither co-commutative nor commutative; we setA1 = C∗(F2)

andA2 = C(S3), whereF2 is the free group on two generators andS3 is the finite (compact)
group of permutations on three symbols. Then we let(A,∆) be the tensor product of these
two compact quantum groups.

We turn now to finding other conditions equivalent to co-amenability or, more generally,
conditions equivalent to norm-boundedness of the co-unitε.

Recall a finite-dimensional unitary co-representationU ∈ MN(C)⊗A of (A,∆) is said
to be fundamental if its matrix elementsUij (relative to some system of matrix units for
MN(C)) generate the Hopf∗-algebraA associated to(A,∆), as a∗-algebra. Thecompact
matrix pseudogroups, as defined by Woronowicz [19], are precisely the compact quantum
groups that admit a fundamental unitary co-representation.

The equivalence of Conditions (1) and (2) in the corollary of the following theorem can
be regarded as a generalization of Kesten’s classical characterization of the amenability of a
finitely generated discrete group in terms of the spectrum of the sum of the generators in the
regular representation (see [9], and also [8]). This equivalence, which is due to Skandalis,
is proved in [2]. Its connection to Kesten’s result is explained in [3]. The proof of our more
general result is somewhat different.

Theorem 2.3. Suppose that (A,∆) is a compact matrix pseudogroup and thatU ∈ MN(C)

⊗A is a fundamental unitary co-representation of (A,∆).
We set χU = ∑N

i=1Uii.
Of course, since ‖Uij‖ ≤ 1, for all indices i and j, ‖ReχU‖ ≤ N .
The following are equivalent conditions:

1. the co-unit ε of (A,∆) is norm-bounded;
2. N belongs to the spectrum of ReχU in A;
3. there exists a state τ on A such that τ(ReχU) = N;
4. there exists a state τ on A such that τ(Uii) = 1 for i = 1, . . . , N .
5. for all scalars λ0, λ1, . . . , λN ,∣∣∣∣∣

N∑
i=0

λi

∣∣∣∣∣ ≤
∥∥∥∥∥λ01 +

N∑
i=1

λiUii

∥∥∥∥∥ . (1)

Proof. Recall first from [19, Proposition 1.8] thatε is uniquely determined onAbyε(Uij) =
δij for all indicesi andj . Especially,ε(Uii) = 1 for all i, so we have

∑N
i=0λi = ε(λ01 +∑N

i=1λiUii). The implication(1) ⇒ (5) follows by noting that ifε is norm-bounded, its
norm must be equal to 1, and Inequality (1) is an immediate consequence. To see Condition
(5) implies (4), we note that Inequality (1) implies that the linear functionalτ0, defined on
the linear span of 1 and the elementsUii by mapping all of these elements to 1 inC, is well
defined and has norm equal to 1. By the Hahn–Banach theorem,τ0 extends to a norm-1
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linear functionalτ onA. Sinceτ(1) = ‖τ‖ = 1,τ is a state ofA. Since a state is necessarily
self-adjoint, the implication(4) ⇒ (3) is clear.

SetXij = Uij − δij andX = ∑N
i,j=1X

∗
ijXij + XijX

∗
ij. Using the fact that

∑N
i=1U

∗
ijUij =∑N

i=1UijU
∗
ij = 1, we haveX = 4(N − ReχU). Hence, the elementN − ReχU is positive.

Therefore,N − ReχU is invertible if, and only if, there exists a positive number such that
N − ReχU ≥ δ. Hence,N belongs to the spectrum of ReχU if, and only if,τ(ReχU) = N

for some stateτ of A. That is, Conditions (2) and (3) are equivalent.
Thus, it remains only to show that(3) ⇒ (1). Suppose Condition (3) holds, so that

there exists a stateτ onA such thatτ(N − ReχU) = 0 and therefore,τ(X) = 0. Hence,
τ(X∗

ijXij) = τ(XijX
∗
ij) = 0. Letϕ be the GNS representation associated toτ , acting on the

Hilbert spaceH , and letx be the canonical cyclic vector associated to this representation,
so thatτ(a) = (ϕ(a)x|x) andϕ(A)x is dense inH . Clearly,ϕ(Xij)x = ϕ(X∗

ij)x = 0 and
thereforeϕ(Uij)x = ϕ(U∗

ij )x = δijx. Hence, ifa is product of matrix elementsUij and
U∗

kl, thenϕ(a)x ∈ Cx. SinceU is a fundamental co-representation of(A,∆), the closed
linear span of such products is equal toA and thereforeϕ(A)x ⊆ Cx. Hence,H = Cx

and therefore dim(H) = 1. It follows thatϕ is scalar-valued and thereforeϕ(a) = τ(a)1
for all a ∈ A. Hence,τ is a norm-bounded∗-homomorphism. Moreover, since|τ(Xij)|2 ≤
τ(X∗

ijXij) = 0, we haveτ(Uij) = δij = ε(Uij) for i, j = 1, . . . , N . Hence, since the
elementsUij generateA as a∗-algebra,τ = ε onA and thereforeε is norm-bounded. �

Corollary 2.4. With the same assumptions as in the preceding theorem, the following are
equivalent conditions:

1. (A,∆) is co-amenable;
2. N belongs to the spectrum of θ(ReχU) in Ar;
3. there exists a state τ on Ar such that τθ(ReχU) = N;
4. there exists a state τ on Ar such that τθ(Uii) = 1 for i = 1, . . . , N ;
5. for all scalars λ0, λ1, . . . , λN ,∣∣∣∣∣

N∑
i=0

λi

∣∣∣∣∣ ≤
∥∥∥∥∥λ01 +

N∑
i=1

λiθ(Uii)

∥∥∥∥∥ .
Proof. The result follows from the theorem by observing that(id⊗θ)(U) is a fundamental
co-representation of(Ar,∆r). �

If U is a unitary co-representation of(A,∆)on a Hilbert spaceH , so thatU ∈ M(K(H)⊗
A), the multiplier algebra ofK(H) ⊗ A, recall that its matrix elements are the elements
of A of the form (ω ⊗ id)(U), whereω is a strictly continuous linear map onK(H).
Not every compact quantum group admits a fundamental unitary co-representation but all
admit a unitary co-representation for which the matrix elements generate itsC∗-algebra
(for example, the matrix elements of the regular co-representation have dense linear span
in theC∗-algebra).

If U is any unitary co-representation of(A,∆) on a Hilbert spaceH and the co-unitε is
norm-bounded, then(id ⊗ ε)(U) = 1 in B(H). For, the equality(id ⊗ ε)∆ = id implies
U = (id ⊗ (id ⊗ ε)∆)(U) = (id ⊗ id ⊗ ε)(id ⊗ ∆)(U) = (id ⊗ id ⊗ ε)(U(12)U(13)) =
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U((id ⊗ ε)(U) ⊗ 1). SinceU is invertible, we deduce that 1⊗ 1 = (id ⊗ ε)(U) ⊗ 1 and
therefore(id ⊗ ε)(U) = 1, as required.

The following represents a partial generalization of Theorem 2.3.

Theorem 2.5. Let U be a unitary co-representation of (A,∆) whose matrix elements gen-
erate A as a C∗-algebra. Then the following are equivalent conditions:

1. the co-unit ε is norm-bounded;
2. there exists a state τ of A for which (id ⊗ τ)(U) = 1.

Proof. Takingτ = ε, the implication(1) ⇒ (2) is immediate from the remarks preceding
this theorem. To see the converse, suppose given a stateτ of A for which (id ⊗ τ)(U) = 1.
Letϕ be the GNS representation associated toτ . We supposeH is the Hilbert space on which
ϕ acts and thatx is the canonical cyclic vector forϕ. As in the proof of Theorem 2.3, we shall
show thatϕ(a) = τ(a)1 for all a ∈ A. First, leta = (ω⊗ id)(U) be a matrix element ofU ,
whereω is a strictly continuous linear map onK(H). We shall show thatϕ(a)x, ϕ(a)∗x ∈
Cx. Sinceω is linear combination of strictly continuous states onK(H), to show this result
we may suppose thatω is a state. Then‖a‖ ≤ 1 andτ(a) = ω((id ⊗ τ)(U)) = ω(1) = 1;
hence, 0≤ τ((a− 1)∗(a− 1)) = τ(a∗a)− τ(a)− τ(a)− + τ(1) ≤ τ(1)− 1− 1+ τ(1) =
0. Consequently,τ((a − 1)∗(a − 1)) = 0, from which it follows thatϕ(a)x = x. Similar
reasoning shows thatτ((a−1)(a−1)∗) = 0 and thereforeϕ(a)∗x = x. Since the elements
a = (ω ⊗ id)(U) generateA, as aC∗-algebra, we can now argue again as in the proof of
Theorem 2.3 to deduce thatϕ(A)x = Cx. Hence,ϕ(a) = τ(a)1 for all a ∈ A, as claimed.
This implies thatτ is a∗-homomorphism onA.

Now we shall show that(id ⊗ τ)∆(a) = a for all a ∈ A. To see this, we may clearly
suppose thata is a matrix element,a = (ω ⊗ id)(U), say. Then

(id ⊗ τ)∆(a)= (id ⊗ τ)(ω ⊗ id ⊗ id)(id ⊗ ∆)(U)

= (id ⊗ τ)(ω ⊗ id ⊗ id)(U(12)U(13))

= (ω ⊗ id)(id ⊗ id ⊗ τ)(U(12)U(13))

= (ω ⊗ id)(U((id ⊗ τ)(U) ⊗ 1))

= (ω ⊗ id)(U(1 ⊗ 1)) = a.

We complete the proof now by showing thatτ(a) = ε(a) for all a ∈ A: We have
τ(a) = τ((ε ⊗ id)(∆(a))) = ε((id ⊗ τ)(∆(a))) = ε(a). Hence,τ is a norm-bounded
linear map extendingε and thereforeε is norm-bounded. �

Let us note explicitly that our proof of the preceding theorem shows that ifτ is as in
Condition (2), thenτ is the — necessarily unique — extension ofε toA.

Corollary 2.6. Let U be a unitary co-representation of (A,∆) whose matrix elements
generate A as a C∗-algebra. Then the following are equivalent conditions:

1. (A,∆) is co-amenable;
2. there exists a state τ of Ar for which (id ⊗ τθ)(U) = 1.
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Proof. The elementV = (id ⊗ θ)(U) in the multiplier algebraM(K(H)⊗Ar) is a unitary
co-representation of(Ar,∆r) whose matrix elements(ω ⊗ id)(V ) = θ((ω ⊗ id)(U))

generateAr as aC∗-algebra. The result therefore follows directly from the theorem.�

We stated before the preceding theorem that it is a partial generalization of Theorem
2.3. To see why, letU ∈ MN(C) ⊗A be a finite-dimensional unitary co-representation of
(A,∆) with matrix elementsUij (relative to some system of matrix units forMN(C)). The
equation(id ⊗ τ)(U) = 1 is clearly equivalent to the condition thatτ(Uij) = δij for all i
andj . Reasoning as in the proof of Theorem 2.3, this is easily seen to be equivalent to the
condition thatτ(Uii) = 1 for all i. Hence, the preceding theorem implies the equivalence
of Conditions (1) and (4) of Theorem 2.3.

We shall need the following result for the proof of Theorem 2.8.

Lemma 2.7. Let (A,∆) be a compact quantum group for which the Haar integral h
is faithful. Let π be a non-zero ∗-homomorphism from A to a C∗-algebra B. Then the
∗-homomorphism, π̂ : A → A ⊗ B, a �→ (id ⊗ π)∆(a), is isometric.

Proof. Let a ∈ A and suppose that̂π(a) = 0. Thenπ̂(a∗a) = 0 and therefore 0=
(h⊗ id)π̂(a∗a) = π((h⊗ id)∆(a∗a)) = π(h(a∗a)1) = h(a∗a)π(1). Consequently, since
π(1) �= 0, we haveh(a∗a) = 0; faithfulness ofh now givesa = 0. Hence,π̂ is injective
and therefore isometric. �

The corollary to the following theorem gives another characterization of co-amenability,
this time in terms of a scalar-valued∗-homomorphism on theC∗-algebra of the reduced
quantum group:

Theorem 2.8. Let (A,∆) be a compact quantum group for which the Haar integral h is
faithful. Then the following are equivalent conditions:

1. the co-unit ε is norm-bounded;
2. there exists a non-zero ∗-homomorphism τ : A → C.

Proof. The implication(1) ⇒ (2) is obvious. Suppose therefore that we have a non-zero
∗-homomorphismτ : A → C. If U is anN -dimensional unitary co-representation of
(A,∆), then(id⊗τ)∆(Uij) = (id⊗τ)(

∑N
k=1Uik ⊗Ukj) = ∑N

k=1Uikτ(Ukj). Also, since the
matrix(τ (Uij)) is a unitary, becauseτ is a∗-homomorphism,

∑N
j=1(id⊗τ)∆(Uij)τ (Ulj)

− =∑N
k,j=1Uikτ(Ukj)τ (Ulj)

− = ∑N
k=1Uikδkl = Uil. Hence, recalling thatA is the linear span

of the matrix elements of finite-dimensional unitary co-representations of(A,∆), it is
clear that the∗-homomorphismτ̂ : A → A, defined by settinĝτ(a) = (id ⊗ τ)∆(a), is
surjective. Sinceh is assumed to be faithful, it follows from Lemma 2.7 thatτ̂ is an isometry.
Therefore, ifa ∈ A, |ε(τ̂ (a))| = |τ((ε ⊗ id)∆(a))| = |τ(a)| ≤ ‖a‖ = ‖τ̂ (a)‖. Therefore,
ε is norm-bounded. Hence,(2) ⇒ (1). �

Corollary 2.9. If (A,∆) is an arbitrary compact quantum group, the following are equiv-
alent conditions:
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1. (A,∆) is co-amenable;
2. there exists a non-zero ∗-homomorphism τ : Ar → C;
3. the Haar integral on (A,∆) is faithful and there exists a non-zero ∗-homomorphism

τ : A → C.

Proof. The equivalence between (1) and (2) follows immediately from the theorem, since
the Haar integral of(Ar,∆r) is faithful. The equivalence between (1) and (3) follows by
combining the theorem and Theorem 2.2. �

As an immediate consequence of the equivalence between (1) and (2) above, we obtain
the following corollary which is a special case of a result in [4].

Corollary 2.10. Let Γ be a discrete group. The following are equivalent conditions:

1. Γ is amenable;
2. there exists a non-zero ∗-homomorphism τ : C∗

r (Γ ) → C.

If Γ is a discrete group, then its reduced groupC∗-algebra is given by a concrete faithful
representation on the Hilbert space�2(Γ ). Given a compact quantum group(A,∆), there
is a natural faithful representation of(Ar,∆r) whose existence may be deduced from [1].
For completeness, we now present this representation in details. Letπ : A → B(H) be
the GNS representation ofA associated to the Haar integralh of (A,∆) and letz be its
canonical cyclic vector, so thatπ(A)z is dense inH andh(a) = (π(a)z|z) for all a ∈ A.
We denote by‖ · ‖2 the norm ofH . We setArc = π(A) andArc = π(A), so thatArc is
a unitalC∗-subalgebra ofB(H) andArc is a dense unital∗-subalgebra ofArc. The map
π is injective onA. For, if a ∈ A andπ(a) = 0, then‖π(a)z‖2

2 = h(a∗a) = 0 and
therefore, by faithfulness ofh onA, a = 0. Hence, we can define linear maps,∆rc : Arc →
Arc ⊗ Arc, εrc : Arc → C andκrc : Arc → Arc by setting∆rc(π(a)) = (π ⊗ π)∆(a),
εrc(π(a)) = ε(a) andκrc(π(a)) = π(κ(a)) for all a ∈ A. Clearly,∆rc is a unital∗-homo-
morphism.

Theorem 2.11. Let (A,∆) be a compact quantum group and retain the notation of the
preceding paragraph. The map ∆rc : Arc → Arc ⊗ Arc has a unique extension to a
∗-homomorphism ∆rc : Arc → Arc ⊗Arc. The pair (Arc,∆rc) is a compact quantum group
with faithful Haar state hrc given by hrc(a) = (az|z), for all a ∈ Arc. The Hopf ∗-algebra
associated to (Arc,∆rc) isArc = π(A), with co-unit εrc and co-inverse κrc. The map π is a
morphism of (A,∆) onto (Arc,∆rc) and its kernel is equal to the left kernel of h, so that π
induces a faithful representation of Ar on H. This representation is an isomorphism of the
compact quantum groups (Ar,∆r) and (Arc,∆rc).

Proof. To prove that∆rc : Arc → π(A) ⊗ π(A) ⊂ B(H ⊗ H) has an extension∆rc :
Arc → B(H ⊗ H), we construct a unitaryW on H ⊗ H . First, define the linear map
W : A ⊗ A ⊂ H ⊗ H → A ⊗ A ⊂ H ⊗ H by settingW(a ⊗ b) = ∆(b)(a ⊗ 1) for
all a, b ∈ A. We claim thatW is isometric. To see this, letc = ∑

iai ⊗ bi ∈ A ⊗ A and
∆(bi) = ∑

ka
k
i ⊗ bki for finitely many elementsaki , b

k
i ∈ A. Then
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W(c)∗W(c)=
∑

ij

(∆(bi)(ai ⊗ 1))∗∆(bj )(aj ⊗ 1)

=
∑
ijkl

(a∗
i ⊗ 1)((aki )

∗alj ⊗ (bki )
∗blj )(aj ⊗ 1)

=
∑
ijkl

a∗
i (a

k
i )

∗alj aj ⊗ (bki )
∗blj ,

and therefore

‖W(c)‖2
2 = (W(c)|W(c)) = (h ⊗ h)(W(c)∗W(c)) =

∑
ijkl

h(a∗
i (a

k
i )

∗alj aj )h((b
k
i )

∗blj )

=
∑

ij

h

(
a∗
i

[∑
kl

(aki )
∗aljh((b

k
i )

∗blj )

]
aj

)
=
∑

ij

h(a∗
i [(id ⊗ h)∆(b∗

i bj )]aj )

=
∑

ij

h(a∗
i h(b

∗
i bj )1aj ) =

∑
ij

h(a∗
i aj )h(b

∗
i bj )

= (h ⊗ h)


∑

ij

a∗
i aj ⊗ b∗

i bj


 = (h ⊗ h)(c∗c) = (c|c) = ‖c‖2

2.

HenceW is isometric, as claimed. SinceA⊗A is equal to the linear span of∆A(A⊗ 1),
we haveW(A⊗A) = A⊗A. It follows thatW extends from the dense subspaceA⊗A
to a unitary onH ⊗ H . We shall denote this extension also byW .

We claim that for alla ∈ A,

∆rc(π(a)) = W(π(1) ⊗ π(a))W ∗, (2)

equivalently,∆rc(π(a))W = W(π(1) ⊗ π(a)). These operators are equal if they act iden-
tically on elementary tensors of the dense subspaceA⊗A of H ⊗ H . Thus, letb, c ∈ A
and observe that

∆rc(π(a))W(b ⊗ c)=∆rc(π(a))∆(c)(b ⊗ 1) = ((π ⊗ π)∆(a))∆(c)(b ⊗ 1)

=∆(a)∆(c)(b ⊗ 1) = ∆(ac)(b ⊗ 1) = W(b ⊗ ac)

=W(π(1) ⊗ π(a))(b ⊗ c).

Thus, Eq. (2) holds and it follows that∆rc : Arc → Arc ⊗ Arc ⊆ B(H ⊗ H) is norm
decreasing. Consequently, it admits a∗-homomorphism extension∆rc : Arc → Arc ⊗Arc.
That∆rc is a co-multiplication onArc is an obvious consequence of its restriction toArc
being one, and density ofArc in Arc. It follows directly, from the fact that the linear spans of
(A⊗1)∆A and(1⊗A)∆A are each equal toA⊗A, that(Arc,∆rc) is a compact quantum
group. Thatπ is a morphism of compact quantum groups is obvious.

Sinceh = 0 on ker(π), it induces a unique statehrc on Arc for which hrc ◦ π = h.
Therefore,hrc(a) = (az|z) for all a ∈ Arc. It is easily verified thathrc is the Haar state
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of (Arc,∆rc). Suppose nowa ∈ Arc andhrc(a
∗a) = 0. SinceNhrc is a two-sided ideal in

Arc, ab ∈ Nhrc for all b ∈ Arc and thereforehrc(b
∗a∗ab) = 0. Hence,(abz|abz) = 0 for

all b ∈ Arc, which shows thata = 0. Thus,hrc is faithful. It clearly follows that the left
kernel ofh is equal to the kernel ofπ . Hence, the representation ofAr onH induced byπ
is faithful and then, by construction, an isomorphism of(Ar,∆r) onto(Arc,∆rc).

Finally, it is clear thatπ(A) is a dense Hopf∗-subalgebra of(Arc,∆rc) with co-unit
εrc and co-inverseκrc, and therefore it is the Hopf∗-algebra associated to(Arc,∆rc), by
uniqueness. �

We turn now to an application of some of our results to the prototypical example of a
compact quantum group, the quantization of SU(2) constructed by Woronowicz [19,22].
We shall show that it is co-amenable, from which we shall obtain the known, and non-trivial,
result that its Haar integral is faithful. It also follows from Banica’s more general result [2,
Corollary 6.2] which uses the theory ofR+-deformations. Our quite elementary proof is
totally different.

Let q be a real number for which 0< |q| < 1. Let(A,∆) = SUq(2), and letα andγ be
the canonical generators ofA, satisfying the conditions of Table 0 of [19]. Letk ∈ Z and
m, n ∈ N. Setakmn = α(k)γ mγ ∗n, whereα(k) = αk, if k ≥ 0 andα(k) = (α−k)∗, if k < 0.
Recall that these elementsakmn form a linear basis for the Hopf∗-algebraA associated to
(A,∆) and thath(akmn) = 0, if k �= 0 or if m �= n [19, Eq. (A1.8)].

TakeU to be the fundamental irreducible co-representation of SUq(2) given by

U =
(
α −qγ ∗

γ α∗

)
.

Before stating the following theorem, we make an elementary observation: IfV is the
forward unilateral shift on a Hilbert spaceH with orthonormal basis(en)n∈N, so thatVen =
en+1, then there exists a stateτ onB(H) such thatτ(V ) = 1 andτ(K) = 0 for all compact
operatorsK ∈ B(H). To see this, one observes that the image ofV in the Calkin algebraC
of H is a unitary containing 1 in its spectrum and therefore there exists a state onC whose
value at this unitary is equal to 1. The required state onB(H) is then the composition of
the state onC and the quotient map fromB(H) toC.

Theorem 2.12. The compact quantum group SUq(2) is co-amenable.

Proof. As before, let(A,∆) = SUq(2) and letα andγ be the canonical generators of
A. Setcn = (1 − q2n)1/2 for n ∈ N. Recall from Appendix A.1 of [20] thatA admits a
representationϕ on a Hilbert spaceH with an orthonormal basis(en,k), wheren ∈ N and
k ∈ Z, such that

ϕ(α)enk = cnen−1,k and ϕ(γ )enk = qnen,k+1

and that

h(a) = (1 − q2)

∞∑
n=0

(ϕ(a)en0|en0).
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It follows immediately thath(a∗a) = 0 if, and only if,ϕ(a)en0 = 0 for all n ∈ N. Using
the equationsϕ(γm)en0 = qnmenm andϕ(γ ∗m)en0 = qnmen,−m for m > 0 and the fact that
aγm andaγ ∗m belong toNh, if a does, we get thath(a∗a) = 0 if, and only if,ϕ(a) = 0.
Hence, we get an induced faithful representationψ of Ar onH given byψθ(a) = ϕ(a).

Now for k ∈ Z, let Hk be the Hilbert subspace ofH with orthonormal basis(enk)n∈N.
Obviously,H = ⊕kHk, andT = ϕ(α) reduces each spaceHk, so thatT = ⊕kTk, where
Tk is the restriction ofT toHk. We haveTkenk = cnen−1,k, so thatTk = U∗

k Dk, whereUk is
the forward unilateral shift on the basis(enk)n of Hk andDk is the diagonal norm-bounded
linear operator onHk defined by settingDk(enk) = cnenk. Since limcn = 1, it is clear
thatDk = 1 + Lk, whereLk is a compact operator onHk. Hence,Tk = U∗

k + U∗
k Lk. By

the remarks preceding this theorem, there exists a stateτκ ∈ B(Hk) such thatτk(Tk) = 1.
For k ∈ Z, chose positive numberstk such that

∑
k∈Ztk = 1. Now define a stateτ on

theC∗-algebra⊕kB(Hk) containingT by settingτ(S) = ∑
k∈Ztkτk(Sk), if S = (Sk)k ∈

⊕kB(Hk). Clearly,τ(T ) = 1. Now letτ ′ be the stateτψ onAr. Thenτ ′(θ(α)) = τ(T ) = 1
and thereforeτ ′θ(ReχU) = τ ′θ(α) + (τ ′θ(α))− = 2. Hence,(A,∆) is co-amenable, by
Condition (3) of Corollary 2.4. �

Corollary 2.13 (Nagy). The Haar integral h of SUq(2) is faithful.

Proof. This is a consequence of the preceding theorem and Theorem 2.2. �

There is an alternative way of proving SUq(2) = (A,∆) is co-amenable, using the
fact thatA is of Type I, as aC∗-algebra [19, Theorem A2.3]. SinceAr is unital, it admits a
maximal idealI . SinceAr/I is a Type I simple unitalC∗-algebra, it is isomorphic toMN(C)

for some positive integerN . Thus, we have a surjective∗-homomorphismπ fromAr onto
MN(C). The existence of a faithful, tracial state onMN(C), together with the commutation
relations of [19, Table 0] for the canonical generatorsα andγ , forces the imageπ(γ ) of γ in
MN(C) to be equal to zero andπ(α) to be a unitary. Sinceπ(α) andπ(γ ) generateMN(C),
this implies thatMN(C) is commutative. Hence,N = 1 andMN(C) = C. Thus,Ar admits a
∗-homomorphism ontoC and it now follows from Corollary 2.9 that SUq(2) is co-amenable.

3. The universal quantum group

In this section we first give a detailed account on the construction of the universal compact
quantum group associated to an arbitrary compact quantum group. One way to construct
such an object relies on Baaj and Skandalis’ theory [1] of regular multiplicative unitaries.
A general construction for locally compact quantum groups has recently been given by
Kustermans [10]. However, our approach, which is briefly sketched by Woronowicz [21]
for compact matrix pseudogroups, is much less technical and is therefore included. The
reduced quantum group has the advantage that the Haar integral is always faithful, whereas
its co-unit need not be norm-bounded. For the universal quantum group the situation is the
opposite; its co-unit is always norm-bounded, whereas its Haar integral need not be faithful.

Let (A,∆) be a compact quantum group. Define‖ · ‖u onA by

‖a‖u = sup
π

‖π(a)‖,
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where the variableπ runs over all unital∗-homomorphismsπ from A into B(Hπ) for a
Hilbert spaceHπ (theunital ∗-representations of A).

Lemma 3.1. The function ‖ · ‖u : A → [0,∞] is a C∗-norm on A which majorises any
other C∗-norm on A.

Proof. We first need to show that‖a‖u is finite for alla ∈ A. Let (Uα)α be a complete set
of inequivalent, irreducible unitary co-representations of(A,∆); then the matrix elements
Uα

ij linearly spanA. Clearly, it suffices to show that‖Uα
ij ‖u < ∞ for all α andi, j . Suppose

thenπ : A → B(H) is a unital∗-representation ofA on some Hilbert spaceH . Since∑
k(U

α
ki)

∗Uα
ki = 1, we have(Uα

ji )
∗Uα

ji = 1 −∑
k �=j (U

α
ki)

∗Uα
ki, and therefore

0 ≤ (π(Uα
ji ))

∗π(Uα
ji ) = π(1) −

∑
k �=j

(π(Uα
ki))

∗π(Uα
ki) ≤ π(1).

Hence,‖π(Uα
ji )‖2 = ‖(π(Uα

ji ))
∗π(Uα

ji )‖ ≤ ‖π(1)‖ = 1. It follows that‖Uα
ij ‖u is finite.

(Note that although 0≤ ‖a∗a‖I −a∗a for anya ∈ A, we cannot conclude‖a∗a‖I −a∗a =
b∗b for some elementb belonging toA. This is why the preceding argument had to be more
careful than one might first expect and had to use the rather strong property thatA is the
linear span of the matrix elementsUα

ij .)
It is clear now that‖ · ‖u is aC∗-seminorm onA and sinceA admits a faithful unital

∗-representation,‖ · ‖u is, in fact, aC∗-norm. That‖ · ‖u majorises any otherC∗-norm on
A is clear from its definition. �

We defineAu to be theC∗-algebra completion ofAwith respect to theC∗-norm‖·‖u. As
usual, we identifyAwith its canonical copy insideAu. TheC∗-algebraAu has the universal
property that ifπ : A → B is a unital∗-homomorphism fromA to a unitalC∗-algebra
B, it extends uniquely to a∗-homomorphism fromAu to B, sinceπ is easily seen to be
norm-decreasing onA equipped with its universal norm.

In particular, the∗-homomorphism∆ : A → A ⊗ A ⊆ Au ⊗ Au extends to a
∗-homomorphism∆ : Au → Au ⊗ Au. It is easily verified∆ is a co-multiplication on
Au. Since the linear spans of the sets(A⊗1)∆A and(1⊗A)∆A are each equal toA⊗A,
it follows immediately that(Au,∆) is a compact quantum group. We call it theuniversal
compact quantum group associated to(A,∆).

SinceA is, by construction, a dense Hopf∗-subalgebra of(Au,∆), it is the Hopf∗-algebra
associated to(Au,∆), by uniqueness.

Note also that the co-unitε of A, being a∗-homomorphism fromA to C, extends to a
∗-homomorphismεu from Au to C. By density ofA in Au, the equalities(ε ⊗ id)∆(a) =
(id ⊗ ε)∆(a) = a, which hold for alla ∈ A, extend to(εu ⊗ id)∆(a) = (id ⊗ εu)∆(a) = a

for all a ∈ Au. Hence,εu must be the unique extension toAu of the co-unit of(Au,∆). The
important point we wish to emphasize here is that(Au,∆) has thus a norm-bounded co-unit.

Clearly, by the universal property of(Au,∆), there is a∗-homomorphismψ from Au
ontoA extending the identity∗-isomorphism fromA to itself. Also,∆ψ = (ψ ⊗ψ)∆. We
callψ thecanonical map fromAu ontoA. Likewise, ifθ is the canonical map fromA onto
Ar, we call the compositionθψ thecanonical map fromAu ontoAr.
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Clearly,hψ is the Haar integralhu of (Au,∆); hence,hu = hrθψ . Sincehr is faithful, it
follows thatNhu = ker(θψ). From this it is immediate that the reduced compact quantum
group of(Au,∆) is (isomorphic to)(Ar,∆r) and thatθψ is the canonical map from(Au,∆)

onto(Ar,∆r). Therefore,(Au,∆) is co-amenable if, and only if,(A,∆) is co-amenable.
We summarize the preceding discussion in the following theorem.

Theorem 3.2. Let (A,∆) be a compact quantum group. Then A is the Hopf ∗-algebra
associated to the universal compact quantum group (Au,∆). The co-unit of (Au,∆) is
norm-bounded. Finally, the reduced compact quantum group of (Au,∆) is (isomorphic to)
(Ar,∆r), so that (Au,∆) is co-amenable if, and only if, (A,∆) is.

It is quite obvious that the universal compact quantum group(C∗(Γ ),∆) associated
to a discrete groupΓ is its own universal compact quantum group; that is, if(A,∆) =
(C∗(Γ ),∆), then(Au,∆) = (A,∆). Moreover, if(A,∆) = (C∗

r (Γ ),∆r), then(Au,∆) =
(C∗(Γ ),∆). This is the motivating example for the general definition of the universal
compact quantum group.

Suppose now(A,∆) is an arbitrary compact quantum group. It is easy to see that if
(B,Φ) is a compact quantum group whose associated Hopf∗-algebra(B, Φ) is isomorphic
to (A,∆), then (Bu, Φ) is isomorphic to(Au,∆). In particular, the universal compact
quantum group associated to(Ar,∆r), or to(Au,∆), is isomorphic to(Au,∆).

We call a compact quantum group(A,∆) universal if (A,∆) = (Au,∆), i.e. if the
canonical mapψ fromAu ontoA is injective. Equivalently,(A,∆) is universal if, and only
if, the given norm onA is its greatestC∗-norm. We will show in Corollary 3.7 that any
co-amenable compact quantum group is universal.

We prove now a striking automatic continuity result for positive linear functionals on the
Hopf ∗-algebra of a universal compact quantum group. Recall that a linear functionalτ on
a∗-algebraB is calledpositive if τ(b∗b) ≥ 0 for all b ∈ B.

Theorem 3.3. Suppose that (A,∆) is a universal compact quantum group. Then every
positive linear functional τ on A is norm-bounded.

Proof. We form the GNS representation ofA with respect toτ ; since the map(a, b) �→
τ(b∗a) is sesquilinear, the inequality|τ(b∗a)|2 ≤ τ(b∗b)τ(a∗a) implies that the left kernel
Nτ of τ is a left ideal ofA. Hence, the quotient spaceA/Nτ is a inner product space with
inner product given by(a + Nτ |b + Nτ ) = τ(b∗a), wherea, b ∈ A. Denote the Hilbert
space completion byH and its norm by‖ · ‖2. Define the operatorMa : A/Nτ → A/Nτ

by settingMa(b + Nτ ) = ab + Nτ for all a, b ∈ A.
We shall show now thatMa is norm-bounded for alla ∈ A. Since the map,a �→ Ma ,

is linear, it suffices to show boundedness fora = Uα
ij , where(Uα)α is a complete set of

inequivalent, irreducible unitary representations of(A,∆) andUα
ij are the matrix elements

of Uα. We have for allb ∈ A,

b∗b − b∗(Uα
ji )

∗Uα
ji b = b∗


∑

k �=j

(Uα
ki)

∗Uα
ki


 b =

∑
k �=j

(Uα
kib)

∗(Uα
kib) ≥ 0.

Hence,‖Uα
ji b+Nτ‖2

2 = τ(b∗(Uα
ji )

∗Uα
ji b) ≤ τ(b∗b) = ‖b+Nτ‖2

2, so that‖Ma‖ ≤ 1. (This
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kind of argument was used tacitly in the proof of the generalized Tannaka–Krein theorem
in [21].)

Hence for alla ∈ A, we may extendMa to a norm-bounded operatorπ(a) onH . The
corresponding map,π : A→ B(H),a �→ π(a), is obviously a unital∗-representation ofA.
By the universal property ofAu, this map extends to a∗-homomorphismπ : Au → B(H).
Since for alla ∈ A, τ(a) = (π(a)x|x), wherex = 1 + Nτ , we have

|τ(a)| = |(π(a)x|x) ≤ ‖π(a)‖‖x‖2
2 = ‖π(a)‖τ(1∗1) ≤ ‖a‖uτ(1).

Hence,τ is norm-bounded with respect to the universalC∗-norm onA. Since(A,∆) is
assumed to be universal, this norm is equal to the given norm onA. �

WhenA is a unitalC∗-algebra, one may consider theC∗-algebra invariant consisting of all
non-zero∗-homomorphisms fromA to C, i.e. of all unital multiplicative linear functionals
onA. This (possibly empty) set is clearly compact in the relative weak∗ topology inherited
fromA∗. Of course, whenA is commutative, it is precisely the Gelfand spectrum ofA. For
some other classes of (non-simple)C∗-algebras, this generally rather poor invariant is of
some interest. For example, whenA is the universal compact group associated to a discrete
groupΓ , it is easily identified with the dual group of the abelianized group ofΓ (see [18])
and therefore it is computable in many cases. We will show below that this invariant is a
compact group for any universal compact quantum group.

We need a lemma which may be known to specialists, but for which we could not find a
suitable reference in the literature.

Lemma 3.4. If (A,∆) is a compact quantum group, the unital multiplicative linear func-
tionals onA form a group under the multiplication, (τ, σ ) �→ τ ∗σ ,where τ ∗σ = (τ⊗σ)∆.
The unit is ε and the inverse of the element τ is τκ. Moreover, the ∗-homomorphisms from
A onto C form a subgroup (which may be proper).

Proof. That the operation is closed and associative and the co-unit is a unit for this operation
is well known. We prove first that the inverse of the elementτ is τκ. To seeτ ∗ (τκ) = ε, let
a ∈ A, and observe that(τ ∗(τκ))(a) = (τ⊗τκ)∆(a) = τ(m(id⊗κ)∆(a)) = τ(ε(a)1) =
ε(a). Herem : A ⊗ A → A is the linearization of the multiplicationA × A → A. We
used the fact thatτ ⊗ τκ = τm(id ⊗ κ) which is a consequence of the multiplicative
property enjoyed byτ . That (τκ) ∗ τ = ε is similarly proved. Now ifτ : A → C is a
∗-homomorphism, thenτκ is also. We prove this indirectly. The mapτ̂ = (id⊗τ)∆ : A→
A is a∗-homomorphism, sinceτ is 1. Moreover,τ̂ ((τκ)̂ (a)) = (τ ∗ τκ)̂ (a) = ε̂(a) = a

and likewise(τκ)̂ (τ̂ (a)) = ((τκ) ∗ τ )̂ (a) = ε̂(a) = a. Hence,(τκ)̂ is the inverse of̂τ
and it is therefore also a∗-homomorphism. Finally, sinceτκ = ε ◦ (τκ)̂ is a composition
of ∗-homomorphisms, it is one also. Hence, the∗-homomorphisms fromA onto C form
a subgroup, which may be proper since multiplicative linear functionals on a∗-algebra do
not necessarily preserves adjoints. �

Theorem 3.5. If (A,∆) is a universal compact quantum group, then the set G of unital
multiplicative linear functionals on A forms a compact topological group under the relative
weak ∗ topology and the multiplication, (τ, σ ) �→ τ ∗ σ , where τ ∗ σ = (τ ⊗ σ)∆.
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Proof. As before, closure and associativity of the multiplication operation is well known and
since the co-unit of(A,∆) is norm-bounded, its extension toA exists and provides a unit for
G. If τ is a unital multiplicative linear functional onA, it is necessarily a∗-homomorphism.
Hence, ifτ is its restriction toA, the functionalτκ is also a∗-homomorphism, by the pre-
ceding lemma. By universality of(A,∆), τκ admits an extension to a∗-homomorphism,
σ say, onA. Since(τ ⊗ σ)∆(a) = (σ ⊗ τ)∆(a) = ε(a) for all a ∈ A, the same equal-
ities hold for alla ∈ A, by continuity. Thus,τ ∗ σ = σ ∗ τ = ε. It is straightforward
to check thatG is a weak∗ closed subset of the unit ball ofA∗ and therefore, by the
Banach–Alaoglu theorem,G is weak∗ compact. It is also easily checked that the multipli-
cation operation is weak∗ continuous, as is the inversion operationτ �→ τ−1. This proves the
theorem. �

As an example, let(A,∆) be the compact quantum group SUq(2), whereq ∈ R and
0 < |q| < 1. Being co-amenable,(A,∆) is universal. Letα and γ be the canonical
generators ofA. If τ belongs to the groupG of multiplicative linear functional onA, then
the equationsαα∗ + γ γ ∗ = 1 = α∗α + q2γ ∗γ imply that τ(γ ) = 0 andτ(α) belongs
to the unit circle groupT. Conversely, givenλ ∈ T, the universal property enjoyed byA
implies that there exists a — necessarily unique — elementτ of G for which τ(α) = λ

(andτ(γ ) = 0). Since∆α = α ⊗ α − qγ ∗ ⊗ γ , we have(τ ∗ σ)(α) = τ(α)σ (α) for
all τ, σ ∈ G. Hence the map,τ �→ τ(α), is a group isomorphism fromG onto T. It is
trivially continuous, so that it is also a homeomorphism (since the spaces are compact and
Hausdorff). Thus,G = T, as topological groups.

Lemma 3.4 can be used to give an alternative proof of Corollary 2.9; let(A,∆) be a
compact quantum group and suppose given a∗-homomorphismτ : A → C. Of course, its
restriction toA is therefore a∗-homomorphism, from which it follows thatτκ is one also.
Hence, by [14, Lemma 10.2],(τκ)̂ is an isometry (we are retaining the notation used in the
proof of Lemma 3.4). Sinceε = τ ◦ (τκ)̂ is the composition of two norm-bounded maps,
it is norm-bounded and therefore(A,∆) is co-amenable.

We now come to one of the main results of the theory. It especially confirms that the Haar
integral of a co-amenable compact quantum group is faithful. The equivalence between
(1) and (2) shows that our definition of co-amenability agrees with the one considered by
Banica [2,3].

Theorem 3.6. The following are equivalent conditions for a compact quantum group
(A,∆):

1. (A,∆) is co-amenable;
2. the canonical map from Au to Ar is a ∗-isomorphism;
3. the canonical maps from Au onto A and A onto Ar are ∗-isomorphisms;
4. the Haar integral hu of (Au,∆) is faithful.

Proof. If Condition (1) holds, then(Au,∆) is co-amenable, by Theorem 3.2 and therefore
hu is faithful, by Theorem 2.2. Thus,(1) ⇒ (4). Sincehu = hψ = hrθψ , it is clear that
Condition (4) implies (2). The equivalence of Conditions (2) and (3) is trivial. Suppose now
that (2) holds and letεu be the extension of the co-unit of(Au,∆) toAu Thenεu(θψ)−1 is a
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non-zero∗-homomorphism onAr and therefore, by Corollary 2.9,(A,∆) is co-amenable.
Thus,(2) ⇒ (1). This proves the theorem. �

The following is now immediate from the theorem, from Theorem 3.3 and from
Theorem 3.5.

Corollary 3.7. Let (A,∆) be a co-amenable compact quantum group. Then (A,∆) is
universal. Especially, every unital ∗-homomorphism fromA to a unital C∗-algebra is nec-
essarily norm-decreasing. Further, every positive linear functional onA is norm-bounded.
Finally, the unital multiplicative linear functionals on A form a compact group.

Note that co-amenability imposes a norm-boundedness condition on just a single positive
linear functional (the co-unit of the reduced quantum group). However, the corollary shows
it implies a much stronger norm-boundedness result.

The equivalence between (1) and (3) in Theorem 3.6 may be rephrased as saying that
a compact quantum group(A,∆) is co-amenable if, and only if, it is both universal and
reduced. Note in this connection thatC∗(F2)⊗C∗

r (F2) is an example of a compact quantum
group which is neither universal nor reduced, since, obviously, its Haar integral is not faithful
and its co-unit is not norm-bounded.

If (A,∆) is an arbitrary compact quantum group, we know that‖ · ‖u is the greatest
C∗-norm on the associated Hopf∗-algebraA. We define aC∗-seminorm onA by setting
‖a‖ = ‖θ(a)‖ for all a ∈ A. This is, in fact, aC∗-norm, sinceθ is injective onA. Therefore
we can regard not only(Au,∆) and (A,∆) as compact quantum group completions of
A, but (Ar,∆r) also. When we say that a compact quantum group(Ac,∆c) is acompact
quantum group completion of A, we mean not only thatA is a dense unital∗-subalgebra
of theC∗-algebra, but also that the co-multiplication∆c extends the co-multiplication∆
of A. We shall call aC∗-norm‖ · ‖ onA regular if it is the restriction toA of the norm of
a compact quantum group completion(Ac,∆c) of A. Thus, the givenC∗-norm onA and
the norms‖ · ‖u and‖ · ‖r are regular.

We show now that‖ · ‖r is the least regularC∗-norm onA.

Theorem 3.8. Let (A,∆) be a compact quantum group and ‖ · ‖c be a regular C∗-norm
on A. Then ‖a‖r ≤ ‖a‖c ≤ ‖a‖u for all a ∈ A. If (Ac,∆c) is the compact quantum
group completion of A with respect to ‖ · ‖c, then there exist unique ∗-homomorphisms
ψc : Au → Ac and θc : Ac → Ar extending, in each case, the identity automorphism on
A. Both maps are quantum group morphisms.

Proof. Given the mapsψc andθc exist, it follows trivially from density ofA in Au andAc,
respectively, that they are unique and are quantum group morphisms. The norm inequality
‖ · ‖c ≤ ‖ · ‖u is already known and the existence of the mapψc is obvious. If we show
‖ · ‖r ≤ ‖ · ‖c, the existence ofθc follows trivially. We turn now to showing this inequality.
Before proceeding, let us first observe that|h(a)| ≤ ‖a‖c for all a ∈ A. Let hc denote
the Haar integral of(Ac,∆c). When we regardA as a Hopf∗-subalgebra of(Ac,∆c) and
of (A,∆), as we do here, we havehc(a) = h(a) for all a ∈ A, by uniqueness of Haar
integrals. Consequently,|h(a)| = |hc(a)| ≤ ‖a‖c, as claimed.
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Again supposea ∈ A. Since the Haar integralhr of (Ar,∆r) is a faithful state ofAr, it
follows from [14, Theorem 10.1] that

‖a∗a‖r = ‖θ(a)∗θ(a)‖ = lim[hr((θ(a)
∗θ(a))n)]1/n.

Using the fact thath = hrθ , we get‖a∗a‖r = lim[h(a∗a)n)]1/n. By our observations in
the preceding paragraph,h((a∗a)n) ≤ ‖(a∗a)n‖c. Therefore,‖a∗a‖r ≤ lim‖(a∗a)n‖1/n

c =
‖a∗a‖c and hence‖a‖r ≤ ‖a‖c, as required. �

Corollary 3.9. Let (A,∆) be a compact quantum group with associated Hopf ∗-algebraA.
Then (A,∆) is co-amenable if, and only if, A admits only one quantum group completion
(up to isomorphism).

Proof. This follows immediately from the theorem and the observation that(A,∆) is
co-amenable if, and only if,‖ · ‖u = ‖ · ‖r, as norms onA; this observation is an immediate
consequence of Theorem 3.6. �

The qualifying wordregular may not be dropped in the statement of Theorem 3.8. This
may be seen as follows; letΓ denote a discrete group. Set(A,∆) = (C∗(Γ ),∆), and
recall thatA is the group algebra ofΓ . Let W be a unitary representation ofΓ on a
Hilbert spaceH and denote byπ the associated representation ofC∗(Γ ) on H , so that
π(C∗(Γ )) = C∗(W), whereC∗(W) denotes theC∗-algebra generated by allWx (x ∈ Γ ).
Then define aC∗-seminorm‖ · ‖π onA by setting‖a‖π = ‖π(a)‖. Assume that‖ · ‖π is a
C∗-norm onA; that is,π is faithful onA. Then the completion ofA with respect to‖ · ‖π
may be identified withC∗(W).

If we now assume that Theorem 3.8 holds without the qualifying wordregular, the
regular representationL of Γ is clearly weakly contained inW ; that is, there exists a
∗-homomorphismφ from C∗(W) onto C∗(L) satisfyingφ(Wx) = Lx for all x ∈ Γ .
If we also assume thatΓ is amenable, thenϕ is a ∗-isomorphism (since it clearly ad-
mits an inverse in this case). Now setΓ = Z. ThenC∗(L) = C(T) andL1 has spec-
trum T. This forcesW1 to have spectrumT also. To get a contradiction we need now
only showW1 does not have to have spectrumT. To do this, choose a unitaryV on
a Hilbert space with infinite spectrum not equal toT. This induces a representationW
of Z and the corresponding homomorphismπ is injective onC(Z), since sp(V ) is infi-
nite (this implies all the powers 1, V , V 2, . . . are linearly independent). Thus, this repre-
sentationW satisfies the required conditions and the spectrum ofW1 = V is not equal
to T.

An open question in this setting is whether‖ · ‖π is necessarily regular wheneverL is
weakly contained inW . We doubt that the answer is positive. It is worth mentioning here
that Woronowicz shows in [19, Theorem 1.6] that ifΓ is finitely generated andW is a
faithful representation ofΓ such thatW ⊗ W is (strongly) contained in a multiple ofW ,
then‖ · ‖π is regular. However, the only known representations satisfying these assump-
tions seem to be the universal and the regular ones, and the external tensor product of such
representations.
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4. Quantum semigroups and co-amenability

In this short section we give a sufficient condition ensuring that a compact quantum
semigroup is a compact quantum group. Recall that acompact quantum semigroup is a pair
(A,∆) consisting of a unitalC∗-algebraA and a co-multiplication∆ : A → A ⊗ A. Of
course, if, in addition, the linear spans of the spaces(A ⊗ 1)∆A and(1 ⊗ A)∆A are each
equal toA ⊗ A, then(A,∆) is a compact quantum group. AHaar integral on a compact
quantum semigroup(A,∆) is defined in the usual way as a state onh onA for which we
have(id ⊗ h)∆(a) = (h ⊗ id)∆(a) = h(a)1 for all a ∈ A. It is trivial to verify that at
most one Haar integral can exist. Neither every compact quantum semigroup admits a Haar
integral, nor does the existence of a Haar integral imply that a compact quantum semigroup
is a compact quantum group [14].

A bounded co-unit for a compact quantum semigroup(A,∆) is defined as a unital
∗-homomorphismε fromA to C such that for alla ∈ A, (ε⊗ id)∆(a) = (id⊗ε)∆(a) = a.
The example given in [14] of a compact quantum semigroup having no Haar integral has got
a bounded co-unit. Thus, the existence of a bounded co-unit does not ensure that a compact
quantum semigroup is a compact quantum group.

We shall need some notation for the following two results. Ifa, b ∈ A, we writea ∗ (hb)
for the element(h⊗ id)((b⊗ 1)∆(a)) and(ha) ∗ b for the element(id ⊗ h)((1⊗ a)∆(b)).

Lemma 4.1. Let (A,∆) be a compact quantum semigroup admitting a Haar integral h.
Then for all a, b ∈ A, the element 1⊗a∗hb belongs to the closed linear span of (A⊗1)∆A.
Likewise, (ha) ∗ b ⊗ 1 belongs to the closed linear span of (1 ⊗ A)∆A.

Proof. If F : A⊗A → A⊗A is the flip automorphism, then theopposite compact quantum
semigroup(A, F∆) also has the stateh as its Haar integral andε as a bounded co-unit. It
follows that if we show that 1⊗a ∗hb belongs to the closed linear span of(A⊗1)∆A, then
we can deduce from this result applied to(A, F∆) that(ha) ∗ b ⊗ 1 belongs to the closed
linear span of(1 ⊗ A)∆A. The demonstration that 1⊗ a ∗ hb belongs to the closed linear
span of(A ⊗ 1)∆A is given in the proof of Theorem 3.3 of [14]. The strong hypotheses
of Theorem 3.3 are not needed for our result, which only needs the fact that(A,∆) is
a compact quantum semigroup admitting a Haar integral, as can be verified by a careful
reading of the proof in [14]. �

Theorem 4.2. Let (A,∆) be a compact quantum semigroup admitting a faithful Haar
integral and a bounded co-unit. Then (A,∆) is a co-amenable compact quantum group.

Proof. If we show that(A,∆) is a compact quantum group, its co-amenability follows from
Theorem 2.2. By the preceding lemma, we then only show that the closed linear spanL of
the elementsa ∗ hb, wherea, b ∈ A, and the closed linear spanR of the elements(ha) ∗ b,
are both equal toA. For, in this case, 1⊗A andA⊗ 1 are subsets of the closed linear spans
of (A⊗1)∆A and(1⊗A)∆A, respectively, and therefore each of these closed linear spans
is equal toA⊗A, thereby ensuring(A,∆) is a compact quantum group. Co-amenability is
then immediate. We shall show only thatL = A; the proof thatR = A is similar. Arguing
by contradiction, suppose thatL �= A, so that there exists a non-zero elementτ ∈ A∗ that
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vanishes onL. Thenτ(a ∗ hb) = 0 for all a, b ∈ A. Thus,(τ ⊗ hb)∆(a) = 0; that is,
h(b((τ ⊗ id)∆(a))) = 0. By faithfulness ofhwe deduce that(τ ⊗ id)∆(a) = 0. Applyingε
now we get 0= ε((τ⊗id)∆(a)) = τ((id⊗ε)∆(a)) = τ(a). Hence,τ = 0, a contradiction.
Therefore,L = A, as required. �

The question arises as to whether one can drop the faithfulness requirement on the Haar in-
tegralh in the preceding theorem. The answer is no. To see this letA = C(D), theC∗-algebra
of continuous complex-valued functions on the closed unit discD. A co-multiplication∆
onA is given by setting∆(f )(s, t) = f (st) for all s, t ∈ C. The linear functionalδ0 on
A defined by evaluation at the origin,δ0(f ) = f (0), is a Haar integral for(A,∆) and
the functionalδ1 is a bounded co-unit. But(A,∆) is not a compact quantum group [14,
Proposition 2.2].

Appendix A

For the convenience of the reader we gather here some basic facts about compact quantum
groups (see [11,14,20] for more information).

A compact quantum group(A,∆) consists of a unitalC∗-algebraA and a unital∗-homo-
morphism∆ : A → A ⊗ A (called the co-multiplication) satisfying

(id ⊗ ∆)∆ = (∆ ⊗ id)∆

and such that the linear spans of(1 ⊗ A)∆A and(A ⊗ 1)∆A are each dense inA ⊗ A. A
morphism from (A,∆) to a compact quantum group(B,∆′) is a unital∗-homomorphism
π : A → B satisfying∆′π = (π ⊗ π)∆.

There exists a unique stateh onA called the Haar integral of(A,∆) which satisfies

(h ⊗ id)∆ = (id ⊗ h)∆ = h(·)1.
By a Hopf ∗-subalgebraA of a compact quantum group(A,∆) we mean a Hopf

∗-algebra such thatA is a∗-subalgebra ofA with co-multiplication given by restricting the
co-multiplication∆ from A toA. The co-unitε : A→ C and the co-inverseκ : A→ A
of A are linear maps satisfying

(ε ⊗ id)∆ = (id ⊗ ε)∆ = id, m(κ ⊗ id)∆ = m(id ⊗ κ)∆ = ε(·)1,
wherem : A ⊗ A → A denotes the multiplication map. The co-unitε is known to be a
∗-homomorphism.

Any compact quantum group(A,∆) has a canonical dense Hopf∗-subalgebraA con-
sisting of the linear span of the matrix entries of all finite-dimensional co-representations of
(A,∆). By abuse of languageε andκ are also referred to as the co-unit and the co-inverse
of (A,∆). We callA the associated Hopf∗-algebra of(A,∆).

The associated Hopf∗-algebra of a compact quantum group has the following uniqueness
property (which is stated without proof in [11]).

Theorem A.1. The associated Hopf ∗-algebra A of a compact quantum group (A,∆) is
the unique dense Hopf ∗-subalgebra of (A,∆).
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Proof. Let B be another dense Hopf∗-subalgebra of(A,∆). We must show thatA = B.
First we show thatB is the linear span of the matrix entries of those finite-dimensional
co-representations which have matrix entries belonging toB. This will immediately imply
thatB ⊂ A. Thus letx ∈ B. Then we may write∆(x) = ∑

ixi ⊗ yi for finitely many
xi, yi ∈ B with {yi} linearly independent. Pick linear functionals{ξi} on B such that
ξi(yj ) = δij for all i, j . Then

∆(xi)= (id ⊗ id ⊗ ξi)
∑
j

∆(xj ) ⊗ yj = (id ⊗ id ⊗ ξi)(∆ ⊗ id)∆(x)

= (id ⊗ id ⊗ ξi)(id ⊗ ∆)∆(x) =
∑
j

xj ⊗ (id ⊗ ξi)∆(yj )

for all i. Thus, if we let{ei} denote a linear basis for the vector subspace ofB spanned by
{xi}, there exist finitely many elementszi, wkl in B such that

∆(x) =
∑
i

ei ⊗ zi and ∆(ej ) =
∑
k

ek ⊗ wkj

for all j . Now∑
k,l

el ⊗ wlk ⊗ wkj =
∑
k

∆(ek) ⊗ wkj = (∆ ⊗ id)∆(ej ) = (id ⊗ ∆)∆(ej )

=
∑
l

el ⊗ ∆(wlj),

so by linear independence of{ei}, we get

∆(wlj) =
∑
k

wlk ⊗ wkj

for all j, l. It follows thatw = (wij) is a finite-dimensional co-representation of(A,∆)

with matrix entries belonging toB. Furthermore, the elementx is a linear combination of
the matrix entries ofw because

x = (id ⊗ ε)∆(x) =
∑
i

ε(zi)ei =
∑
i

ε(zi)(ε ⊗ id)∆(ei) =
∑

ij

ε(ziej )wji,

whereε is the co-unit ofB. This proves thatB ⊂ A.
To prove the converse inclusion, first observe thatB is the linear span of the matrix entries

of those finite-dimensional irreducible unitary co-representations of(A,∆) with matrix
entries belonging toB. To see this, consider the co-representationw constructed above, and
define elementsvij = wij + (δij − ε(wij))I ∈ B for all i, j , whereε now denotes the co-unit
of A. It is easily checked thatv = (vij) is a co-representation of(A,∆). Sinceε(vij) = δij

for all i, j , the co-representationv is invertible with inversev−1 = (κ(vij)), whereκ is the
co-inverse ofA. Now it is known [11,19] that any invertible co-representation is equivalent
to a direct sum of irreducible unitary ones. Since the invertible co-representationv has
matrix entries inB, its irreducible components are easily seen to also have matrix entries
belonging toB. It then follows thatB is a linear span of the required sort.
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To conclude thatA ⊂ B, we now show that every finite-dimensional irreducible unitary
co-representation of(A,∆) is equivalent to one with matrix entries belonging toB. Assume
for contradiction, thatv = (vij) is a finite-dimensional irreducible unitary co-representation
not equivalent to any finite-dimensional irreducible unitary co-representationu = (uij)with
matrix entriesuij belonging toB. From [14, Theorem 7.4], we get thath(uijvkl) = 0 for
all i, j, k, l. SinceB is linearly spanned by elements of the typeuij, as observed above,
andB is dense inA, this implies thath(avkl) for all k, l anda ∈ A. In particular, we get
h(v∗

klvkl) = 0, and thereforevkl = 0 for all k, l, sinceh is faithful onA. This is impossible
asv is unitary. �

Note that the first part of the proof shows thatA is maximal among all Hopf∗-subalgebras
of (A,∆).
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